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SUMMARY

A study is made of stresses in the vicinity of discontinuities in
fialments in filament-reinforced, composite materials. Formulas are
derived for the calculation of local stresses in filament or binder, and for
the shear stresses induced between them. Sample calculations (in both
elastic and plastic stress ranges) show that disturbances from the general
stress level are primarily local, near the discontinuity, and particularly
that the shear stress between fiber and binder is apt to rise to a high peak
value at the discontinuity, The magnitude of this peak is shown to be
governed by a parameter X, defined in the report, which also governs the
length of filament required to approach infinite length in effectiveness,
Thus any attempts to reduce the shear stress, as by permitting yielding of
the binder, will also increase the filament length required for effective
reinforcement. The conclusion is reached that the accommodation of the
high peak shear stresses at discontinuities may well be the crux of the
attainment of the potentials apparently available with high-strength

filaments or ""whiskers'' as reinforcements for composite materials,



INTRODUCTION

The mechanism of load transfer Yetween filament and binder in a
filament-reinforced, composite material is of interest because of the
desirability of utilizing the potential strength of available filaments or
"whiskers" for structural materials, Especially since some whiskers
are available only in short lengths, a determination of the length required
for reinforcing effectiveness should be helpful in guiding the development
of composites, Clearly if short filaments are to be effective, they must
pick up the stresses which they are to carry near their ends, so that the
short, individual filaments can behave in the same manner as long,
continuous elements.

By analogy to the problems of ''shear lag' in structures, the
probability seems good that the whisker may not need to be very long to
act essentially as if it were of infinite length. Experimentally, Ject,
McDanel and Weeton (ref. 1) seemed to find that such could be the ¢ .e,
Parratt on the other hand (ref. 2) by a novel indirect approach reasoned
that lengths of the order of 1000 whisker diameters are required to
approach the action of a long filament.

In this paper, an analysis is made of the stresses in the vicinity of

a discontinuity in reinforcing filaments. The elastic analysis of Vinson



(ref. 3) is extended to apply to filament reinforcements, and this analysis
in turn is extended to approximate the effects of yielding of the binder
surrounding the filament. The results of the analysis are used to calculate
typical stresses in filaments and binders, using as a model aluminum oxide

whiskers in a binder of pure aluminum.



ASSUMPTIONS

For the purpose of analysis, a single filament, binder system was
postulated. The load was assumed applied at one end either to the binder
alone (as if the fiber were broken within the binder), or to the fiber alone
(as if the binder were cracked perpendicular to the fiber); at the other end
both fiber and binder were supposed loaded so that the extension in each
(at that end) was the same (see figure 1).

The analysis of this filament-binder model assuming elastic stress-
strain relations is given in Appendix A, For consideration of plastic effects,
the filament-binder model was considered broken up into segments and the
stresses in each segment calculated by means of the elastic analysis, - with
reduced values of Young's modulus used in the equations to approximate the
stress-strain properties for the binder given in figure 2. The details of

the procedure to take plasticity into account are given in Appendix B,



FORMULAS

The formulas, derived in Appendix A, for the stresses near the
discontinuity in the model filament-binder system sketched in figure | are
as follows:

For the shear stress between filament and binder:

(%) |
> = (N
/ 4 Ab/—-é)+Af msA/zz/_/
for load applied to the binder (case a of fig. 1)

, A 'Def;' [’_46 £y —‘"Mﬂ 7%/

vTTE "6/-%)*’# | Ak "“"ﬂé)

for load applied to the fiber (case b of fig, 1}

or

(2)

where

;-‘ - shear stress in joirt between filament ard binder, ksi

A - cross-sectioral area, in®,

£ - Young's modulus, ksi

) - distance from base {anchored) end of model, in.

a/ - diameter, in.

/ - distance from base erd of model to discentinuity, in.
eﬁ, - the effective load differer.tial between filament and binder.

Ay £
For load applied to the binder, P,ﬂ" l% (A 0 (3)

(4 E,

For load applied to the filament, -P ’[Ai_[t_) (4)
b £,

P - load, kips



and

/7 (%)) 552
(VZ-1)+ [—f-}[ p /_"/

G - shear modulus of elasticity, ksi,

A =2

with

In these formulas, primes indicate applicability to the loading case
(b) of figure 1 (load applied to the fiber), and the subscripts "{'" and ''b"
refer to the filament and binder, respectively.

Evidently, at any station as )-‘ @ , for example,

J

R N T I
Gy=-a @}a/ a

The maximum shear stress occurs at :/ , SO

U // /*A, ™

/ Pa?' //-‘bﬁ,b 7

‘/;mx } 4 Ab/_.é)+,4 Af f/ (8)

In order for the fiber to pick up a given fraction }d of the load

or

increment that an infinitely long fiber would pick up {as shown in Appendix

C‘”‘ﬁé} = ,—_‘/7 (9)

Thus the quantity X is involved in the determination of both the

C)

maximum shear stress and the length required for filament effectiveness.

-6 -



SAMPLE CALCULATIONS

In order to evaluate the implications of the formulas of the preceding
section for properties and proportions of some interest, a series of calcu-
lations were carried out representative of aluminum oxide filaments in a
binder of pure aluminum, The filament was assumed to have purely elastic
stress-strain properties with a Young's modulus of 60,000 ksi and an ulti-
mate strength of 600 ksi, The stress-strain properties of the aluminum
binder were approximated by three straight lines as shown in figure 2,

Because in an actual composite the ""binder' surrounding ary one
filament is reinforced by a host of other filaments, the calculations
described in the previous paragraph represent perhaps a lower bound to
the stiffnesses appropriate to the binder. In order to investigate the effect
of a stiffer binder, calculations were also made for the other extreme,
namely a binder having elastic properties identical to those of the filaments.

The results of these calculations are given in figures 3 - 11,

The first four of these figures show how the load is transferred from
binder to filament as the distance from the discontinuity increases. With
no yielding of the binder (fig. 3), the filament never does pick up much
stress, because the strain in the birder is too small to stretch the
filament substantially. If the binder yields, however, (fig. 4) the load is
transferred to the filament in a relatively short distance, - equivalent to

some 16 to 20 filament diameters even when the binder is massive



compared to the filament. The shear stresses produced near the end of

the filament are the same order of magnitude as the tensile stresses applied
to the binder, increasing somewhat with the increased strains produced when
yielding is permitted.

The next two figures (figs. 7 and 8) show how rapidly the stress builds
up in the binder when load is applied to the filament. Accompanying the
rapid growth of tensile stresses in the filament are high shear stresses
between filament and binder. Yielding of the binder in tension does reduce
the shear stress (see figure 8), but not so much that an appreciable pertur-
bation from the nominal load distribution for an infinite length is found
anywhere beyond a distance equivalent to six or eight fiber diameters from
the discontinuity. Significantly, the peak shear stress is reduced as the
ratio of binder cross-sectional area to filament area is increased; simul-
taneously, the distance that the disturbance is propagated away from the
discontinuity is increased.

The last three of these figures (figs. 9 - 11) give perhaps a more
realistic picture of the nature of the stresses in an actual composite.

Here the '"binder' material surrounding any one filament is considered so
thoroughly reinforced with other filaments that both "binder' and filament
are presumed to have the same properties. Two results of the calculations
based on these assumptions stand out:

(1) Even when the binder area acting with one filament is assumed

to be 100 times the filament area, the stress perturbation



(2)

caused by a discontinuity is primarily a local one,
penetrating only a few fiber diameters distant from
the discontinuity.

The shear stresses induced between the filament and
binder at the discontinuity are very high, - for the
binder/filament area ratio of 100, for example,
amounting to approximately one-sixth of the applied
fiber or binder stress. The magnitude of the peak
shear stress is the same regardless of whether the
discontinuity is of the nature of a broken filament
or a crack in the binder perpendicular to the

filament,



DISCUSSION

While the formulas, calculations, and plots so far presented may help
to shed some light on the mechanics of filamentary reinforcement, they
leave two pertinent questions substantially unanswered. These questions
are:

(1) Why does Parratt (ref. 2) arrive at a length of filament

needed which is so much greater than would appear
from the results so far shown herein?
(2) What does this analysis reveal which may be helpful
in furthering the development of filamentary composites?

This discussion will be concerned primarily with the answers to these

questions.

Filament length required for effectiveness. - Equations (7) and (9) show

that the filament length required for effectiveness and also the maximum
shear stress between filament and binder depend upon the parameter A .
The dependence is dir~ct and linear in the case of the maximum shear
stress, and evidently, rewriting (9)

VN (74

= T (10)

/ 2
inverse and linear in t»= case of the length required. Thus a reduction in
shear stress via a reduction in A should be expected to be accompanied

by an increase in the filament length needed for effectiveness,

- 10 -



As has been shown (fig. 11) the shear stresses for the most realistic
model considered are very high, so high that in practice they most probably
will not be achieved. Rather yielding in shear will occur to relieve the
peak bond stresses. This yielding is comparable to a reduction in Gb ,
hence (see equation (5) ) to a reduction in /l , and hence to an increase
in the filament length required for effectiveness.

Because the parameter A has so much bearing upon the mechanics of
reinforcement, calculations were made to determine the sensitivity of the
value of A to changes in the various quantities of which it is comprised.
Thus, as shown in figures 12, A is insensitive to variations in the ratio of
Ef to Eb , somewhat more sensitive to variations in the ratio of 6- to Gb ,
and most sensitive to the area ratio Af‘ to Ab . Inasmuch as failure of the
bond between binder and filament may reduce the effective value of Gb to
zero, however, evidently A may in practice become very small and hence
the filament lengths required for effectiveness may indeed approach the

values suggested in reference 2,

Implications for further developments. - The facts that the shear stresses

hetween filament and binder are high near a discontinuity, and that (unless
alleviated by yielding in shear) they are not propagated far from the dis-
continuity, combine to make the attainment of a satisfactory bond between
filament and binder a critical problem. In the elastic case, in just the
same way that a relatively short fiber can act as effectively as a long

filament (provided tke bond is adequate), fracture of the bond near the

- 11 -



discontinuity in a long filament will not be reduced, by the decreasing
length of filament acting, until the bond fracture has been propagated
along the major portion of the filament. Thus, some sort of resilient
bond is essential to prevent a major loss in filament effectiveness from

discontinuities, unless very strong bonding is assured.,

CONCLUDING REMARKS
Formulas derived for the local stresses near a discontinuity in
filament-reinforced, composite materials show that a parameter A ,-
comprising the relative stiffnesses and cross-sectional areas of filament
and associated binder as defined herein; to a large extent governs both
the degree to which the stresses are concentrated near the discontinuity,
and the magnitude of the peak shear stresses induced in the bond between
filament and binder. In general the peak bond stresses are shown to be
high, so high that unless reduced by a non-destructuve yielding in shear

they may well limit the attainment of the potentials available with high

strength filaments.

- 12 -



APPENDIX A, - DERIVATION OF EQUATIONS

The derivation of the equations given in the main text of this paper
for the stresses near a discontinuity in a filament-reinforced, composite
material follows closely the procedure of reference 3. Because that
reference may not be readily available, and because there are necessarily
minor differences from the procedures given there, a reasonably complete
derivation is given here, as follows.

Consider an element of the composite consisting of one filament of
length 2/ and diameter dg, and associated binder, - of somewhat greater
length, - assumed to surround the fiber as a concentric circular cylinder
of diameter D,. Assume a total tensile load Py, applied uniformly to both
ends of the binder. Suppose z- and r-axes with origins at the midpoint
along the length and at the center of the fiber cross-section, respectively,

With the foregoing model, and the assumption that straight lines in the
cross-sections of filament and binder remain straight after deformation,
the following equations may be written:

Io+ equilibrium

‘ 7

and
g = — L[ (A-2)
J 7ra; ct;z

where

F - force acting in filament or binder {a function of} ).

- 13 -



Strain-displacement relations

Y )
€b = e = (A-3)
~ ) A/
7 Y (A-4)
, = 7‘ % =&
where
U - displacement
€ - strain
And the stress-displacement relations, at } =0
YD (a-5)
g AL
5 (a-6

with the subscript 7/ used to designate t%e centroidal location.

Because of the assumption that straight lines in each material remain

straight, the shear strain r may be expressed

v; - U- 1
)2 - /—_R /. %X (A-T)

and

(A-8)

where / is the radial distance from the origin to the center of gravity

of the material cross-section, i.e.
2 2
* -
7 o= _Déji - zi (4-9)

- 14 -



Equating the

Differentiating (A-5) and (A-6)

Substituting (A-12) an

or

And substituting (A-14) and (A-15) into (A-7) and (A-8)

From (A-16)

4

's and U' 's in (A-7) and (A-8) and solving for Uj

?%*#%

74 .
3 AL &
75
T = AfEf {

{(A-13) in (A-1) and (A-2)
?—J. = 4 AAEA U.

Ff Fb

[ ra’ AEf‘U

o8]

= L A,,.A:,,u

"5

- 15 -

(A-10)

(A-11)

(A-12)

(A-13)

(A-14)

{(A-15)

(A-16)

(A-1T)

(A-18)



and from (A-17)

_(/,_f +4_:%.%ﬂ/,;-w.-o

Substituting (A-11) in (A-18) and simplifying

i"d u)o

’b AAEZ
2
Similarly
% &
o2 A Yy )
" AL % . & T8 R
K

where

Solving (A-22)

. = U = ;:
U’Z 2 N cosh K}_ *M:m/;/gz,

The appropriate bounaary conditions are

}:0} U,Zo =Uf;; =0
and U, ) Pb
;_./; Yy AL

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)



Hence

N = 0
__ 5
A, £} Keosh KL
Substituting (A-27) and (A-28) in (A-24)
2
Y- - U 4

P AWy oy Mls

Substituting (A-29) in (A- 20)

R RE [ 8 sl )
b Ak ﬁ +.§£/lA44KmbK/

Integrating

’ rbr PbcoséK
U L +Q
78 AJE —la +$ Ay &4 K'cash

Substituting from (A-26) and simplifying

0B
ALyt Acky

Putting this back in (A-31) and integrating again

=% R b Ky

%" 45 5 AyEy Kcash Kxj"Q} *R

f
Clearly, from (A-25)

R=0

-17 -

(A-27)

(A-28)

(A-29)

(A-30)

(A-31)

(A-32)

(A-33)

(A-34)



Hence

B AErAL ¢ A;,éﬂ K cash K7, (A-35)
Similarly it can be shown that
Py sinh Ky
U;f ) ALy *Af§ /d; B Keosh K4 (A-36)

Substituting (A-35) and (A-36) in (A-11)

b K

Also, substituting (A-29) in (A-21)

v ;z%[@%ﬂaz/%(mﬁ) (A-38)

Which, substituted in (A-15) yields

>, fb /',{ .
v Abfb/ /( (A-39)

Let us now write

A=Kd =2 //[Aff")/
Foe (/z-// /E,f[/zz;—:-/f

Substituting (A-40) in (A-39) yields, after some manipulation

23l e
o (03]

- 18 -
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The derivation of the parallel case for lcad applied to the filament instead
of the binder is identical except that the boundary conditions employed

instead of those given by equation (A-26) are

/]
,3:/»' - (A-42)

% s

And, using these we find

N i """’/’%} A5 A-43
T A /ﬂ»ﬂé} %)

1f load is applied to both filament and binder, the same equations (A-4l) or

(A-43) may be applied by subtracting from the applied load the part of the
load which produces simply an equal, uniform extension of both filament

’
and binder. The remainder of the load eﬁ" or eﬁ' is then assumed applied
entirely to binder or filament depending upon which of the two carries the

greater load, thus:

For the greater load on the binder

£
fr = B AfaE;

?E—/'_ (A-44)
And for the greater load on the filament
4 - -
Ftr = H Abg,) (A-a)

Inspection of equations (A-41) and (A-43) reveals that ?/7 is a maximum

e

when /2 =,/' Hence p) /37,;( 7

[ Ab{/g/*Af/

(A 46)

7> / = —i//— Pié'ﬁ; AA Eé/ (A-17,
“max 4[’ Ab/z_‘;é/fAf-/ A,r /-_f'

- 19 -




APPENDIX B. - APPROXIMATE PROCEDURE USED TO TAKE
PLASTICITY INTO ACCOUNT

In order to take into account yielding of the binder material, a number
of simplifying assumptions were employed. The material stress-strain
curve was linearized into that shown in figure 2, - the discontinuities used
result in four stress ranges for each of which the secant modulus of
elasticity is equal to the tangent modulus of elasticity. The filament-binder
model under consideration was broken up into segments within which the
stress varied over the ranges corresponding to those of figure 2; each
segment was then analyzed as if it were part of an elastic continuum having
properties as given by figure 2 for the proper stress range, and the segment
lengths required to match the chosen end stresses were calculated from the
elastic equations as given in the text of this paper, In all cases the ratio of
shear modulus to Young's modulus for the binder material was assumed
constant at a value of 0, 385,

The procedure used for the analysis of inelastic eftects is perhaps best
jllustrated by an example, Let us consider the case of an aluminum oxide
filament of unit area surrounded by aluminum binder of equal area, Suppose
a load corresponding to 600 ksi applied to the filament (case (b) of fig. 1),
and stress-strain properties for the binder as in figure 2. Let us determine
the filament length required for the binder to pick up 97% of the load that it

would if the filament-binder model were infinitely long,

- 20 -



Ef = 60,000 ksi

A = 1 i.n.2

{'
G = 0.385
/Ef
Eb from figure 2

Gy, =
‘/fb 0.385

The model for analysis is now as follows (all loads in kips)
o @

s 1= ~C—~-

600 = J* 597 « = 595~ C—1+ A
(4

-3 -1~ 5 *:::"Rb
m m m ’ Vs e

o
Beginning with segment @ , We write } ‘

3= rd, ‘7/"%’;

(B-1)
From equation (2}

’

7 = (B-2)
)
With
= 2
/2@
= 3.62 (B-3)

- 21 -



sl ‘3232}/]

And 4 = /% = 1,128, so
/4
5= -7me
Substituting in (B-1)
J_ . __ 776
1188 7 cas/a[dél)
m
Or
0.0009 = -~
’ J2/ cash (3.21m)
_ _cash (2.2/am)
Q035 =/ cash (3.2 m)
And

Now

cosh (J.Z/rmz
cosh(.2/m) = 0.965

Similarly, for segment

aC Tk

'.3'*74:/.

cw/)/?Z/m//

sinh (3, 2/3) a/’g

cash (3.2/m) - cosh (3. Z/ni

.w/)/

With, from equation (4)

And

60, 000
P = 597 - 3(

Ao

= J.69

2000

-22 -

1(2000)
1 (60,000)

= 507 hkips

/5/&,7

(B-4)

(B-5)

(B-6)

(B-7)

(B-8)

(B-9)

(B-10)

(B-11)

(B-12)



Substituting in (B-9) and integrating as before, we find

cosh (3.69.4)
cash (,69m) = 0.878 (B-13)

The length j depends upon the percent effectiveness desired,

for / = 0,97, from equaticn (10)
4 cosh™'(33.33)

-1
)@ (B-14)
where
/2@'-' 3.70 (B-15)
for Eb = 500 ksi, Putting (B-15) in (B-14)
= 1,134 (B-16)
This may now be substituted in (B-13) to find
m
— = 1./69 (B-17)
2
And in (B-8) to find
m
7,; = I.I&O (B-le)

With these lengths established, the various formulas may be readily

applied to determine shear or axial stresses,

- 23 -



APPENDIX C, - DETERMINATION OF LENGTH REQUIRED FOR A
GIVEN EFFECTIVENESS

The length-effectiveness relation will be derived only for case (a)
of figure 1 (load applied to binder), The derivation for case (b) would be
similar,

Let us define the effectiveness fraction # as follows:

P -~
4 = Tetf Pﬁrm/d (C-1)
Pfa ) fa”’/l"d
where
y o) - load carried at midpoint of actual filament of
Terr
length ¥ 4
- load applied to end of filament
fd”/id
e_ - load that would be carried at midpoint of infinitely
o0
long filament.
Now
4
= *r 7: d Cc-2
Pfaﬁ' P’%,a,a/l'aa’ 4« v } (c-2
With

3N

,E
= )- %4 yplind Af[fb Mbpf (C-3)
a(2)en || ()

.24 -



Substituting (C-3) in (C-2) and integrating

P, ‘?gdw
P =P , 'Té-éi- f%‘ ) - /
et Tgplisd | _L_ 7{_/5 m/)?/l% ) (C-4)

45"

since 7‘%’. = Af‘ Solving for coshﬂé) gives
B _ P
o i) - Ak~ AR

L re ;
._AM—P —’—*—'——
Ay £y o] 4L Ay

/ Forr
‘“"’ﬁ@') B b %/*i’%} (C-6)

Noting tnat

(C-5)

or

Ay £
Py = P- P 1+ A (C-7)
o Fpplod | | Ay
And
Ay &
P = ef,/’*ﬁé‘) (C-8)
This becomes
cosh (A V4 = e“ _ %)p//'td )
¥ BE -
foo Fofr
Which is equivalent to
/

(C-10)

- 25 -



APPENDIX D, - LIST OF SYMBOLS

For convenience, the symbols used are tabulated and defined below: -

A cross-sectional area

D diameter

E Young's modulus

F force

6 shear modulus of elasticity

K a parameter defined in Appendix A

MN,Q,R constants of integration

P load

v displacement

a distance along filament

d diameter

(.n,n distances along filament

r radial distance from center of filament
x distance from discontinuity in filament or binder
} distance from mid-point of filament

) 8 shear strain
€ longitudinal strain

a parameter defined by equation (5)

shear stress

™Y N

effectiveness parameter, defined in Appendix C

- 26 -



Subscripts

] binder

f filament
J joint

0 origin

o0 denotes application to filament of infinite length
gubed applied
off effective
max

maximum

Superscripts
bar centroidal

primes  denote application to case (t) of figure 1, or differentiation

- 27 -
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MODELS USED FOR ANALYSIS
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APPROXIMATE STRESS-STRAIN PROPERTIES
USED TO CHARACTERIZE ALUMINUM BINDER

16
2 F
STRESS,
ksi
8 r Ep=130 ksi
0o

4 -fizooo

10,000

1 M | L 1 J

0 02 04 06 08 (0]

Figure 2

STRAIN
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CALCULATED TENSILE STRESSES oy INDUCED IN
Al,O, FILAMENT BY TENSION APPLIED TO AN
ELASTIC, Al BINDER.
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Figure 3




CALCULATED TENSILE STRESSES 0 INDUCED IN Al, 04
FILAMENT BY TENSION APPLIED TO AN INELASTIC Al
BINDER. ( BINDER PROPERTIES AS IN FIG. 2 WITH

G /Ep =0.385)
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SUMMARY

A study is made of stresses in the vicinity of dis-
continuities in filaments in filament-reinforced, com-
posite materials, Formulas are derived for the calcula-
tion of local stresses in filament or binder, and for the
shear stresses induced between them. Sample calcula-
tions (in both elastic and plastic stress ranges) show that
ldisturbances from the general stress level are primarily -
local, near the discontinuity, and particularly that the
shear stress between fiber and binder is apt to rise to a
high peak value at the discontinuity. The magnitude of
this peak is shown to be governed by a parameter A, de-
fined in the report, which also governs the length of fila-
ment required to approach infinite length in effectiveness.
Thus any attempts to reduce the shear stress, as by per-
mitting yielding of the binder, will also increase the fila-
ment length required for effective reinforcement. The
conclusion is reached that the accommodation of the high
peak shear stresses at discontinuities may well be the
crux of the attainment of the potentials apparently avail-
able with high-strength filaments or '"whiskers'' as rein-
forcements for composite materials.
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